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Abstract. In the context of quantum field theory, the Heisenberg picture has a distinct advantage
over the Schrodinger picture because the Schrodinger picture requires us to transform the vacuum
state itself, which can be intractable in the case of non-inertial reference frames, whereas the
Heisenberg picture allows us to keep the same vacuum state and only transform the operators.
However, the Heisenberg calculation requires the operators to already be expressed as a function of
creation and annihilation operators acting on the original vacuum, whereas calculations in quantum
information and quantum computation use operators that act on qubit states, necessarily containing
particles. The relationship between the operators acting on these states and the operators acting on
the vacuum state has remained elusive. We derive such an expression using an explicit model for
single-particle production from the vacuum.
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INTRODUCTION
Expectation values in quantum field theory take the form
〈0| f (vˆ1, vˆ†1, vˆ2, ..., vˆn, vˆ†n)|0〉 , (1)
where the vˆi annihilate the vacuum state |0〉 and ‘ f ’ is some function representing the
evolved physical quantity to be detected. It is desirable to perform calculations in the
Heisenberg picture, where the state remains constant and all of the information about
the evolution of the observables through the system is contained in the function f . The
advantage of this approach is that all expectation values may be taken in the same
ground state |0〉. This is still possible in situations involving transformations between
different vacua (Bogoliubov transformations) because in such cases it is possible to
apply the transformations to the operators instead of the vacuum itself. Given that we
would like to have expressions of the form (1), this raises a problem for researchers in
the field of relativistic quantum information theory (RQI). In non-relativistic settings,
the standard practice in quantum information and quantum computation is to consider
unitary operations on a set of ‘qubits’. In general a qubit may be thought of as any
two-level quantum system. In relativistic settings, the definition of a ‘qubit’ becomes an
issue, since certain properties of qubits may change for observers in different (possibly
non-inertial) reference frames [1]. It is therefore of interest to know how qubit operators
that are defined with respect to one particular choice of vacuum state transform when we
consider different observers. But before we can ask what a qubit looks like in a different
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by the desired transformations. Given a preferred vacuum state corresponding to the
observer for whom a ‘qubit’ is to be well-defined, we can define particles as the creation
operators of some field applied to the vacuum. We will also assume that our particles
are massless bosons, although our analysis could potentially be generalized to fermions
without too much difficulty. An n-particle state containing a single particle in each of
the modes φi may be written
|ψ〉 ≡ Aˆ†φ1Aˆ
†
φ2...Aˆ
†
φn|0〉 , (2)
where the Aˆφi are defined by superpositions of plane waves,
Aˆ†φi ≡
∫
dkφi(k)eikxaˆ†k (3)
and the aˆ†k satisfy the boson commutation relation [aˆk, aˆ
†
k′] = δ (k− k′). We restrict our
attention to the case where the φi are mutually orthogonal, i.e.
∫
dkφi(k)φ∗j (k) = δi j.
We can then introduce qubits by requiring that each particle in the system has access
to a pair of orthogonal modes, denoted Aˆφi and Bˆφi for a particle in the mode φi. Each
particle can occupy one or the other mode, or be in a superposition of both. As such, it
defines a two-level system and may be interpreted as a qubit in a dual-rail encoding [2].
Expectation values have the general form:
〈ψ|F(Aˆφi, Aˆ†φi, Bˆφi, Bˆ
†
φi)|ψ〉 . (4)
Comparing (1) and (4), we conclude that we would like to obtain an expression aˆP(vˆi)
such that
〈ψ|F(aˆP)|ψ〉= 〈0| f (vˆi)|0〉 (5)
which serves as an identity relating f to F . Such an identity would give us a way to
write qubit quantities in terms of the vacuum modes vˆi, thereby enabling us to perform
certain relativistic operations (such as transformations of the vacuum state) on those
quantities. Ideally, we would like to have a unitary UˆP that takes the vacuum modes vˆi
plus a designated vacuum mode aˆ together as input and produces a single particle in the
mode aˆP as output. Since the input and the output are both pure states, such a unitary
must exist in principle; we could then find an explicit expression for aˆP(vˆi, aˆ) from the
Heisenberg evolution:
aˆP(vˆi, aˆ) = Uˆ
†
P aˆUˆP (6)
However, finding an explicit form for this unitary is a nontrivial matter because it is
highly non-linear in the field operators. We will instead consider a physical process
that performs the exact same evolution using detection and feed-forwards in addition to
unitary evolution.
DETERMINISTIC PARTICLE PRODUCTION FROM VACUUM
MODES
We will use the model proposed by Migdall, Branning and Castelletto [3] for a single-
photon on-demand (SPOD) source that makes use of N spontaneous parametric down-249
converters (SPDCs) and post-selection and feed-forwards to deterministically reproduce
a single particle in the limit of arbitrarily large N. The basic idea is not specific to
quantum optics and the field operators may be taken to represent the general massless
bosons considered here. The parametric amplification unitary
UˆPDC ≡ exp
∫∫
dkdk′[χP∗(k,k′)uˆ†(k)vˆ†(k′)−H.c.]
creates one particle in each of the modes uˆ,vˆ from the vacuum with probability χ2. The
uˆ particle may be detected to herald the presence of the vˆ particle. We will assume that
the resulting state is separable (achieved in the lab by phase-matching) and therefore has
the form P(k,k′) = φ(k)φ(k′). Under this assumption there are no multimode effects,
so we can use the shorthand
∫
dkφ(k)ei(kx−ωt)uˆi(k)→ uˆ, similarly for the mode vˆ. The
Heisenberg evolution of the operators is:
uˆ′ = Uˆ†PDC uˆUˆPDC = sinh(χ)uˆ+ cosh(χ)vˆ
vˆ′ = Uˆ†PDC vˆUˆPDC = sinh(χ)vˆ+ cosh(χ)uˆ
(7)
The SPOD consists of an array of N such unitaries, labelled from 1 to N, where the ith
unitary acts on the modes uˆi,vˆi. As mentioned above, the down-conversion process is
non-deterministic and only works with a low probability of order χ2. However, Migdall
et. al. showed that with N large enough, the probability of a single particle event could
be pushed arbitrarily close to unity, making the process effectively deterministic in that
regime. In practice, a large array would produce may particles, only one of which would
be output. To achieve this, the herald modes are detected and the results are fed forward
to a switching circuit which selects the topmost heralded mode to be the output. This
process results in an output of the form:
aˆP ≡
N
∑
j=1
dˆu′j vˆ
′
j
j−1
∏
i=0
(
1− dˆu′i
)
+ cˆaˆ (8)
The operator dˆu′j represents a bucket detector that takes the value ‘1’ when there is
at least one photon incident upon it and is zero otherwise. (Formally, if we choose χ
small enough that we can neglect higher photon numbers than 2, we have the definition:
dˆu′j ≡
1
2(3− nˆu′j)nˆu′j , where nˆu′j = uˆ
′†
j uˆ
′
j is the particle number operator for the mode
uˆ′j). If aˆP is indeed a single particle annihilation operator, it should satisfy the following
identities:
〈nˆaP〉=
∫
dk〈0|aˆ†P(k)aˆP(k)|0〉= 1,
g(2) =
∫∫ dkdk′〈0|aˆ†P(k)aˆ†P(k′)aˆP(k)aˆP(k′)|0〉
〈nˆaP〉2
= 0,
[aˆP(k), aˆ
†
P(k
′)] = δ (k− k′)
(9)250
For aˆP to satisfy the commutation relation in (9), the operator cˆ is taken to be:
cˆ≡
(
1ˆ−
N
∑
j=1
nˆ2u j
j−1
∏
i=0
(1− nˆui)2
) 1
2
We need to verify that aˆP also satisfies the other properties in (9). From a direct calcula-
tion, we find:
〈nˆaP〉=
(4−4|χ|2+9|χ|4)((1−|χ|2)N−1)
5|χ|4−4 , (10)
g(2) =
2|χ|2(4−5|χ|4)2
(4−4|χ|2+9|χ|4)2((1−|χ|2)N−1) . (11)
In the limit of N large and χ small, one finds that these quantities approach 1 and 0
respectively; hence the properties (9) are indeed satisfied, consistent with aˆP being a
single particle mode. We can now use this result to rewrite quantities like (4) in the form
(1). Explicitly, we have:
〈ψ|F(Aˆφi, Aˆ†φi, Bˆφi, Bˆ
†
φi)|ψ〉= 〈0|F(AˆP,φi, Aˆ
†
P,φi, BˆP,φi, Bˆ
†
P,φi)|0〉
= 〈0| f (vˆ1, vˆ†1, vˆ2, ..., vˆn, vˆ†n, aˆ)|0〉 ,
(12)
where the operators AˆP,φi etc, are defined in analogy to (3) using (8).
CONCLUSIONS
Using a model for the deterministic production of single photons from the vacuum, we
derived an expression (8) that describes qubit operators, (acting on states containing
many particles) as functions of creation and annihilation operators acting on a given
vacuum state. This casts the qubit operators in a form that is susceptible to the usual
tools of RQI and quantum field theory. We anticipate that this result will be a useful
first step in analyzing how qubit operators change for observers in non-inertial reference
frames, where a preferred vacuum and notion of particles is no longer available.
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